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Mathematics - Course 421

ALGEBRA FUNDAMENTALS

I Introduction

Basic operations in algebra are the same as they are
in arithmetic, except that letters are used to stand for
numbers. This gives the advantage that one can manipulate
numbers without knowing their values. As will be seen in
lesson 421.20-2, this advantage is useful in setting up
and solving proportions, manipulating formulas, and
solving problems in one unknown.

II Evaluation of Algebraic Expressions by Substitution

To evaluate an algebraic expression by substitution,
substitute the given numerical values for the variables
(letters), and then simplify using "BEDMAS II for correct
order of operations (af lesson 421.10-1, section V).

Example 1:

Evaluate a + 3b if a = 5 and b = -2.

Solution:

a + 3b = 5 + 3(-2)

= 5 + (-6)

= -1

(substitute)

(x precedes +)

Example 2 :

Evaluate (x + y) 7 (x) (y) if x = 7, y = -4.

Solution:

(x + y) (x) (y) = (7 + (-4)1 ~ ( 7) (- 4)

= ( 3) 7 (-4)

3= (7) (-4)

= (i) (=-f)
-12= --or;

= -1-
7

February 1979

(substitute)

(brackets first:

U I x as they
occur)
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III Powers

a) Notation

Recall that an stands for nfactors of a;

n factors of a

eg,

Note the use of the dot to indicate multiplication, in
order to avoid confusion of the times sign "x" with
the letter !Ix". Sometimes brackets are us,ed to
indicate mUltiplication.

eg, 3x(-y) means 3 times x times -y, but
3x~y means 3 times x, subtract y.

Most often, however, when variables are multiplying
each other, the sign is omitted altogether.

eg, -3xy means -3 times x times y.

A power consists of a base and an exponent:

an' exponent)
'" power

'''---base

** NB Exponentiation (raising a base to an exponent)
takes precedence over mUltiplication and division.

eg, xy' = xyy (y must be squared before
mUltiplying by xl
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But this natura~ order of preced~nce can be overruled
with the use of brackets:
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ng, Xy2 = xyy , but (xy) 2. = (xy) (xy)

Ag. -2x 2 -- -2xx, but (-2x) 2. = (-2x) (-2x)

eg. _10' = - (10) (10), but (-10)' = (-10) (-10)

b} Power: Laws

Nine basic laws governing operations with
exponents follow. A brief rationale and one or
more examples are included with each law.

La", 1-:

Rationale:

{n factors of x) tm factas of x) = (m + n) factors of x

Example:

Lay.. 2:

n . m} Ix " x n - m
x

n = x
or xm

Rat:ionale:

a) If n > ro, cancelling m common factors of x leaves
n - m factors of x in the numerator.

b) If n < ro, cancelling n common factors of x leaves
m - n factors of x in the donominator.

ie, 1 -em - n) n - m= x = xn
(ef law 4)
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Examples:

J
aJQOunts to
caneelling 5
factors of x
in ~ ther case

** NB
be

In laws 1 and 2, the bi!!-ses of the powers must
iClentical

ie, .cannot. be simplified
as a power

2'
Similarly l

2'

L;:1W 3:

= 22. , but 2'-
3'

cannot. be simplifiaA
as a power '

Rationale:
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m factors of (n factors of x)= Inn factors of x

Exampl~:

Law 4:

_TIl 1x = mx

1 mor = x-mx

Rationale:

a!;3qati'}e e;..:ponents are defined this way to make the
oc:.her l~l''-: _ ·~·_!!.s.,.,·,t,~,,,,t.<



eg, a' =
as

fP 1ji"'a"a = ilz
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But law 2 gives a' =;S a 3 - S -2= a

1These are consistent only if = a- 2

a 2

Examples:

x-5 = 1
X

S

Thus powers may be shifted from numerator to
denominator, and vice versa, merely by changing
the sign of their exponents.

Law 5:

Rationale:

XO by law 2

n
But x 1=n

x

• x" 1=

Eamples:

10" = 1

(-13) " = 1

(xy) " = 1

by cancelling numerator and denominator

to make answers consistent
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Law 6~

mm- x y

Rationale:

m factors of xy = (m factors of xl (m factors of y)
just by reord~ring the XiS and y~s.

Examples:

(xy) 5 = XSyS

(_p) 5 = (-1 x pl 5 = (-1) 5 p5 = -p'

(x.'2 y ) 5 = (XZ) 5 ;.5 = X.1° y 5

(2y 3) ;j = 2 S (y'j8 = 256 y24

La.w 7:

(x ~ y)m m + m= x y

(~)
m xm

or = -y my

xof =
Y

r.t factors
m factors

of x
of y

by rule for multiplication of fractions.
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Example~. :

a. /
( ._)
n

,
c'



42:1,.20-1

2>:)
, (=?) , (-2>:) , (-2) 3 x a -8x~

(- ~ = = = ---r"J1 3' 3'

2>:)
,

«-1) ~>:)
,

(-1)' (¥l ,
(-1) (2x)' 8x'or (- = = = = - Tlr 3'

Law 8:

I
1-

x n = ~
-

By law 3,

Rationale:
1 .!!

(an) n ;;:;I an

1

Thus n factors of an equals a.

Bu~, by definition, ~ is that number, n

f~ctors of which equals a

•
1
na =

Examples:

1
h8 3 = = 2

1

(-125) 3 = hE = -5

1 1 1

(27):') 3"
- -

= 27 3 (x·)3 = m x' = 3x'

Lal·r 9 :

"n = H = ( rx )m
X
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'Rativnale.-:

1lI 1
n (.x1D,J n (law 3)" =

= .R (law ,B')

m 1

But XU = ,,,0) .. (law ~)

= ( !Ix ).Ill ,t1;a.w ,8)

2

=

or =

.,
(-32x") =

j

f-3:J!r",y5 =

3 4

b3~lStxl"J''5 = ,(~ ,.t,

_= (-2) 3 X " -= -ax,1>

c) Additional EX3.ID.pllds o-fUse c-r Pow.er -~s

Example 1.

(3v"Z-' :",0. -. 1- ._--~",-,._~--

,- '8 -

=
33X3,V:t.)~'.. ' (law 6 onnume:r.ator:)

(cf-Jrl\ple-te e~'{ponentiation, la'.... J)



Example 2:

(-x)' (-x')
-,

(-x) (-x-')

Example 3:

1 - 4
(- 32) •

1 -'I'= (=TI)

-'I'
= 1

(_32)-'/'

1
= (_32)-'/'

= (-32) 'I'
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(apply law 2 to XIS, y's
separately)

(show _x 2 as (_1)x 2 to separate
numerical coefficient (-1) from
base x)

(law 2 for each base)

(even no. negative factors
yields positive result)

(law 1)

(law 7)

(Ix = 1 for any x value)

(law 4)
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~-32
2 (law 9)= ( )

= (-2) , ( ~-32 = -2 since (-2) 5 = -3:2')

= 4

IV The Four Basic Operations with Algebraic ~ermB

a) Definitions:

An algebraic term is a group of numbers and/or
letters associated by multiplication or division
only, and separated from other terms by add.ition or
subtraction,

eg, 3x z , -5xy, 16, xypg are terms

Like terms are terms having iclentic,al letter
combinations, including exponents,

eg, x, 3x, -17x and

xy2, 5xy 2, -4xy 2 are groups of like terms,

but 5xy and - 4xy 2 are not like terms since

the exponent on y differs.

The nume~icaZ coefficient of a term is the
number which mUltiplies the letter combination,

eg, 3xy, 7fq2,
t t
numerical

-15tsw
t

coefficients

b) Addition and SUbtraction of Terms

Like terms ONLY are added/subtracted by adding!
subtracting their numerical coefficients. The process_
of adding/subtracting like terms to simplify an
algebraic expression is called eo ZZeC!td,ng terms.

Example 1:

(Note that letter
combination does
not change)'
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Example 2:

-15yp' + 9yp' = (-15 + 9)yp'

Example 3:

5qr - 3qr = (5 - 3)qr

= 2qr

Example 4:

-15x'y - 2x'y = (-15 - 2)x'y

= -17x 2 y

Example 5:

Simplify -lSx 2 + 4xy _ y2 + 2x 2 _ 3y 2

Solution:

-15x 2 + 4xy _ y2 + 2x 2 _ 3y 2

= (-15 + 2)x' + 4xy + (-1 + (-3) )y'

= -13x 2 + 4xy - 4y 2

c) Multiplication and Division of Terms:

(collect like
terms)

Terms are multiplied/divided by multiplying/
dividing first the numerical coefficients, then each
group of like powers (same bases) successively.

Example 1:

(5x'y) (1.3xy'J

= (5 x 1.3) (x' x) (y y')

Example 2:

(-4pq') (-3qr')

= (-4 x (-3» (p) (q' q) (r')

= 12pq'r'

(group like powers)
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Example 3:

(15x') 7 (3x')

== 5x~

Example 4:

(Imagine factors of rO = 1 in the numerator,
1 in the denominator if this h€lps.)

and

V Multiplication and Division of Polynomials

Definitions:

Monomials~ binomials and polynomials are algebraic
expressions having one, two and several terms) respectively.

a) Multiplying Binomials by Monomials

Multiply each term of the binomial by the monomial,.

Example 1:

terms
fu..:' + t) = ab + ac
j""""'-

Monomial ~Binomial

Example 2:
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5x(2x - y)

= 5x(2x + (-y))

= 5x(2x) + 5x(-y)

= lOx' + (-5xy)

= lOx£ - 5xy

(Optional step~ express b~nomial as
sum of 2 terms.)
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b) Multiplying Two Binomials

Multiply each term of second binomial by each
term of the first binomial.

Example 1:

(a + b) (0 + d) = ao + ad + bo + bd

Example 2,

(2x + y) (x - 5y)

= 2x(x) + 2x(-5y) + y(x) + y(-5y)

= 2x2 - lOxy + xy _Sy2

(collect terms in xy)

c} Dividing Binomials by Monomials

Divide each term of the binomial by the monomial.

Example 1:

12x 2 + 4xy
2x

= 12x
2

+ ~XxY
2X

= 6x + 2y

Example 2:

2xy

= _[lOX' _
2xy

= _(5x _ ~)
y X

(problem reduces to dividing
termst

Note that minus sign in
front of quotient applies
to entire expression,
hence the brackets
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d) Generalizations to polynomials

To multiply two polynomials, rnu1t:ip,:LY e'acht:;errtt:
of the -first by each and every term of the- secant!.:'
polynomial.

To divide a polynomial by a monomial', dividE§,
each term of the polynomial by the monomial.

VI Simplification of Algebraic Expressions

The order of operations, "BEDMAS" (see 421.10-1, V),
holds for simplifying algebraic expressions just as fO±
arithmetic expressions. The following examples illustra-t'e
the preceding rules for operations on powers, terms, and'
polynomials.

Example:

Simplify the following:

(b) aba + aab

(c)

( d)

4x - 7y -

abc - abc

(3x - 4y) + x + 3y

(-2) (- .!o) (-3)
2

(e)
-Gab - 12a2

-3a
3b 2

- Gab
-3b

- 14 _

solutions:

(a) x' x + x' x' + x

~ x + x + x

~ 3x

(b) aba + aab

= aab + aab

= a'b + a'b

= 2a 2 b

(+ precedes +)

(collect terms)

(order o~ a's, bls
does not aff'ect
value of product)

(collect terms)
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(c) 4x - 7y - (3x - 4y) + x + 3y

= 4x - 7y - 3x + 4y + x + 3y (remove brackets
preceded by minus
sign by changing
sign of all en-
closed terms)

= (4 - 3 + l)x + (-7 + 4 + 3) Y (collect like terms)

= 2x

(d) abc abc (-2) (- I- '2" ) (-3)

= abc - abc (-3) (3 negative factors
(odd no.) give
negative product)

= abc + 3abc (to subtract, add
the opposite)

= 4abc

(e) -6ab - 12a 2 3b' - 6ab
-3a -3b

-6ab -12a 2
(3b' + -6ab (Express binomials

~ -+ -3b )-3a -3a -3b as sum of 2 terms)

= 2b + 4a - (-b + 2a)

= 2b + 4a + b - 2a (remove brackets)

= 2a + 3b (collect terms

NB Brackets preceded by a "+" may be inserted
or removed without altering enclosed terms,
but brackets preceded by a ,,_It may be
inserted or removed only by altering signs
of all terms enclosed.
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Assignment

1. Ifa = 12, b ::= 2 and e = -3, evaluate the following:

(a) -a + 5b + eb
"6 a

(b) a + 2a - 3e'

(e) 6b' - a - b 2 + e

2. Simplify

(a) al+a 6 (b) }a(}a.') (~')

(e) b 3b li b s (d) 3 x 3 2
X 3 li

(e) m7 ·ml+ ~ m' ( f) a' ~ a- S ·a 8

(g)
a' a

(h) b 6 b li
-

a' a' b'

(i) (a 7) 2 (j) (_3a2 ) ,

(k) (! x') , (1) ra fa2
1

(m) ~ (n) (_ 3xy2) 2

2

(0) X 6 X- 2 X- li (p) ( IX 1
y'

3. Evaluate:

(a) 3 . (J • 13' (b) (}) 2·' (e) (16)-0.25

(d) (~~ -, (e) (_3)-' ( f) 36 ' / 2

(g) (- ~2)
-1/5

(_8)'/' (_ ~~) -2/'(h) (i)

- 16 -
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4. Write each expression without negative or zero exponents
and simplify.

(a)

(e)

3a o _ b O

a' + (3b)'

_{_3ao.lt b O .. 6 }5

(b)

(d)

(16 x l6 ) 1/'

5. The mass of an electron is 0.00055 a.m.u. and 1 a.m.u.
is 1.66 x 10- 24 g. Calculate the mass of the electron
in grams.

6. It requires 3.1 x 10 10 fissions per second to produce 1
watt of energy. How many fissions per second are
required to produce 200 Megawatts.

7. Simplify:

(a) 2a + 3a + 6a

(bl Sx 2 + 2x + 3 + 5xy + 4x + 2 + x 2

(e) 5x + 12y + 20x + By

(d) 2c + Sa + 60 + 2b + 3b + 4c

(el 3j + k - 4j + 11k 7k - j

( f) a + a+a+a- Sa + 11a

(g) x + 3xy 2 + 2x + y - 3x + y'x

(h) X 2 y 3 + 3X2 y 3 + 1 - x

(i) x + y + z - 2y + 3z - 6x
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8. Simplify:

(a) -~f (b) 7x
"ITXy

(e) 15ab (d) ~3a - 5pg

(e) -2x 2
(f) -27ab 2 c

-2x 9b

(g) §L (h) X;YZ
3x yz

(i) (6x'y) (-4y'p) (j) (-llpq) (-2ps't)

9 • Simplify:

(a) (x + 4y) (x - 8y) (b) (3x + 2) (5x + 4)

( e) (3a - 2e) (4a - 5e) (d) (x' - y) (y + X
2

)

(e) 6x' - 2x 9x - 3 ( f) 4x + lOy
--2x -3 2

(g) -lOa 2 - 5 -3a 2 _ 6 (h) ax 2 + lOx
-5 -3 2x

(i) 3x 2 - 15x 12x - 18 (j) 14x 2 + 21x Jx2 + 9x
3x -6 7x j

10. Simplify:

(a) (8mn) (4mx)

(b) (9abe) (-4bed)

(e) -3y (6m - 5t)

(d) 5(4h - 6k)

(e) -3(x + y) + 10(2x - 3y) + 5(2y - 3x)

( f) 2x(x + y) - (x' + xy) + (x - x)

( g) 8e + 3k - (5e + 2k)
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10. Cont'd

(h) 2b - e + (Be - 4b) + b

(i) 3a - 5x - (4a + x) - 2a

(j) ab + ab' , b

(k) xy + X 2 y 2 , xy

L. Haacke

421. 20-1
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